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We consider entire functions of finite order for which zero is a Nevanlinna 
deficient value. Estimates are determined for the ratio of the integrated moduli of 
the logarithmic derivative of the function on a circle of radius r to the Nevanlinna 
characteristic of the function at r. 
1. INTRODUCTION AND STATEMENT OF RESULTS 
Knowledge of the behavior of the logarithmic derivative of an entire 
function has been useful in the study of many problems in value distribution 
theory for such functions (cf. 151) as well as in the study of the properties of 
the solutions of certain types of differential equations (e.g., [ 11). We shall 
consider the integrated moduli of the logarithmic derivative. 
Let f be a meromorphic function in the complex plane. For 0 < r < +co 
define Z(r.f) by 
(1.1) 
In this 
of the 
theory 
theory 
note we consider the behavior of (1.1) as it relates to T(r,j), the value 
Nevanlinna characteristic off on r (for the notation of Nevanlinna 
see [5]). I(r,f) has been useful in work in value distribution 
141. 
We shall prove the following theorem. 
THEOREM 1. Let f be an entire function in the complex plane such that 
f(0) = 1 and the Nevanlinna deficiency of zero, 6(0, f) = 6(O), is positive. 
Then 
lim inf 4r9f) > am 
r-m r(r,’ lr ’ 
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It should be observed that there are known classes of entire functions 
which have zero as a deficient value. Edrei et al. [3] proved that if the entire 
function f of finite order has only real zeros and its genus exceeds one, then 
6(0, f) > A, where A is an absolute constant greater than zero. 
In the case when an entire function of finite order p has no zeros, it is easy 
to calculate 
Looking for upper bounds for the ratio under consideration, the following 
theorem can be proved. 
THEOREM 2. Let f be a meromorphic function with finite lower order A 
in the complex plane and f (0) = 1. Let 
y = lim sup Wif 1 + Wl l/f 1 
r-tic V-,f) ' 
Then 
when 1 > 0, and 
Theorem 2 is a refinement of some estimation in [4]. An immediate 
corollary is: 
COROLLARY. Let f be an entire function with finite lower order J in the 
complex plane such that f (0) = 1 and the Nevanlinna deficiency qf zero is 
positive. Then 
lim inf I(r, 
r+~m T(r, f) 
(1 - 6(0))(2 + log(8 + M)) 
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when A > 0, and 
We shall see that the proofs of these theorems proceed from two rather 
different approaches. The extent o which the bounds are best possible is not 
yet known. 
2. PROOF OF THEOREM 1 
We shall use the Fourier series representation for log(f(re”)) (for earlier 
use of this approach, see [6]). 
Assume r > 0 andf(z) # 0 when lz ] = r. Let 
m2(r,f) = & \2n (log If(reie)l)2 do/ 
I 
I;‘? 
. 
.o 
Then also 
where 
ck(r) = &j** (log ]f(re@)]) ePike d0, kE h. 
0 
We observe that 
and 
so 
ck(r) = c-k(r) (k<-1). 
m2(r,f)* = N(r, l/f)2 + 2 ’ Ick(r>12. 
k:l 
For integral k, let 
(2.1) 
Hk(r) = -$- ,I’” (logf(reie)) emike de. 
0 
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Using this notation we see 
2c,o-) = H/Jr) + H-/((r) (k> 1). (2.2) 
Integration by parts shows for k 2 1 
ffk(T) = - $ (n(r, l/J)) + c . J- [ f ‘(2) dz 
k 2ni.,,,=,f(z)F (2.3) 
and 
K/Jr) = + (n(r, l/f)) - $ . & {, , = # . zk dz. (2.4) 
z r 
From (2.2~(2.4) we get 
1 1” f’cz) --.- -. 
krk Zni!,;,=, f(z) 
zkdz 
(k> 1). 
Therefore, 
2 1 ‘k@)/ < + I@, f) (k > 1). 
This estimate and (2.1) then give 
m*(r9 f)’ ,< w-9 I/f)’ + 2 q ; (IQ-, f))?, 
k=l 
< w, l/f)’ + ; (Z(r, f))‘. (2.5) 
Since f is an entire function, we know using the Schwarz inequality 
2T(r,f) - N(r, l/f) = &J*” /log If(reie)lI do,< m2(r,f). (2.6) 
0 
Combining (2.5) and (2.6), we find 
4T(r, f)’ - 4T(r, f) W, l/f) < $ (I(r, f))* 
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and 
4(T(r,f)Y 1 - T(r f) ) < ; vw-))2. 
c 
wr, l/Y) 
Hence 
The conclusion of the theorem is now immediate. 
3. PROOF OF THEOREM 2 
We shall use two known lemmas which we state. 
LEMMA 1 (cf. 141). Let p be a polynomial of degree K with leading coef- 
ficient one. Then the intervals of the real axis on which 1 p(x)\ < hK have 
total length less than or equal to 4h. 
LEMMA 2 121. Let f be an entire function for which 
lim inf (log T(r, f ))/(log r) = A < too. 
r-x 
Then there exists an unbounded positive sequence r,. r?. rj ,... which is 
strictly increasing and four sequences of nonnegative terms 
such that 
@kL (a,13 i5k Iq 1Pk I
lim 6-k = lim ak = lim & = 0, 
k-m k-.-x k-,x 
lim Pk = fim, akrk = +oo, 
k-oc + 
and such that the inequalities ak rk < x < Pk rk imply 
T(x,f) < (1 + {k) (t)-‘+Ck T(r,.f). 
We proceed with the proof of Theorem 2. 
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Let (z ( (z ( = s 1 be a circle free of zeros and poles off. Let u,, a,,..., aK, be 
the zeros offin {z 1 IzI < s) and b,, &,..., bKZ be the poles offin {z 1 (zJ < s). 
If z is in (z ) / ZJ < s} and f(z) # 0, co, then differentiation of the Poisson- 
Jensen formula for logf(z) gives 
f’(z) - = +--I’” (log If(se’“)l) (,,F’oz)2 dfp 
f(z) 0 - 
I(, sz - lUj12 El: s2 - lbjl’ 
+ ,;, (s2 - cFjZ)(Z - aj) - ,?, (s* - bjZ)(Z - bjj 
Taking absolute values and integrating over a circle {z 11 z I = r} which is free 
of zeros and poles off and r < s gives 
+ <A (s2 -/ail’) r .2x dB 
,F[ S2 -lUjl r -0 I’-‘jl l--- 
+ <: (s2 - Ibj12)r .2~ d0 
,:, s’-lbjlr -0 lZebjl I-- 
(3.1) 
where z = re’“. 
By Parseval’s theorem applied to (z - u)-“~, 
An easy induction shows 
-l/2 ? ( ) I k G2k (k = 1, 2,...). 
Hence. for (z/=r<(u( <s, 
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Similarly, for (a( < r = (zl < s, 
,.2n~z-uq~de4~(I ++og-&). 
.O r 
Also, if \zI = r < s. 
And if 0 <c < s and r < s, then 
g - c? $ - Cl SfC<Z 
7<---=-,. . 
s- - cr sr - cr r r 
Using these estimates in (3.1), we get 
20 
WY f) G z 
s -r 
. +-J’ (log+ If(s@I + log + j&q) 4 
0 
We now choose numbers E and 6 such that 
O<e<L 
and 
0<6< 1. 
We apply Lemma 1 to the polynomial p defined by 
p(x) = 2 (x - aj) fi (x - b,;) 
j-1 j=l 
with 
and 
K = n(s, 0) + n(s, 00) 
(3.2) 
h = s/(2(4 + d)( 1 + 1 + E)). 
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Lemma I says there is a number r with 
i 
l- 
l+:+E)S(T((l-*(l+~+E))S 
such that 
397 
(3.3) 
I 
,$* log ,& +,:, lOg,r-;b,,, 
~Klog(2(4+6)(1+~+~)}. 
If E’ > 0 and 
s’= l+ ( 
I 
l+i+e s7 1 
then 
1 3’ n(s, 0) + n(s, co) dt 
K=log(l + l/(1 +A+&))., I t 
1 
‘<log(l+ l/(1 +A+&)) W’. “t-1 + W’, w-)1 
1 
%og(l+ l/(1 f/If&)) 
(1’ + E’) T(s’. f) 
when s is sufficiently large-using the definition of y. We note that 
and 
since f(0) = 1. From (3.3) we can also get estimates for the other factors 
appearing in (3.2) as follows: 
s< 
l+A.+E 2rs 
r A+& 
and z 
< 4(1 + L + E)( 1 + 2A + 2E) 
s -r2’ 3+4A+4& -’ 
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These estimates together with (3.2) and the increasing nature of the 
Nevanlinna characteristic gives 
W, .f) S 
8(1 + J3++G:‘;4; + 2~) T(s, f) 
2(1 +/I + E) 
+ (A + E) log( 1 + I/( 1 + A + E) 
(y + E’) T(s’. f) 
l+A+s 
+ (1 + E) log( 1 + l/( 1 + A + E)) (I’ + s’) 
x (log{ (8 + 26)( 1 + 1 + E)}) T(s’, f). 
<(l+A+&) i8(1+22+2E)+ 
;‘+ &’ 
) 3 + 4A + 4E (A + E) log( 1 + l/( 1 + 1 + F)) 
x (2 flog((8 + 26)(1 +I. +R)/)[ T(s’,f). (3.4) 
We now apply Lemma 2 to the Nevanlinna characteristic function where we 
take rk to be (1 - l/( 1 + A + E)) s. (By the continuity of T we may assume s 
satisfies the property with respect to zeros and poles of jI) So there are 
arbitrarily large values of k (and hence s) such that 
T(s’f),<(l +c$) (1 + ’ f’” (l - ’ 
1+A+s 1SLSE )~‘.i”” 
XT l- 
(( 
which yields by (3.3) and the increasing nature of T the inequality 
T(s’. f) S 
,2flfE -4+cA 
( LfE 1 (1 + &J T(r, f)- 
Thus combining (3.4) and (3.5) we get the bound 
(3.5) 
g+(l +A+E)(l+&) (2;:;E)‘+c* j8yt+4yt+4yJ 9 
+ (7 + d)(2 + log{ (8 + 6)( 1 + 13 + E) t / 
(A++~~(I + 11~1 +A+&)) i (3.6) 
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for large k (and hence Y). Since this bound holds for all E, 6, and c:’ subject 
to the conditions given at their choice, we see. for A f 0, 
lim inf I(r, 
T-T T(r,f) 
y(2 + log@ + 81)) 1 
+ 1 log( 1 + l/( 1 + /I)).\. (3.7) 
If A = 0. we may take a fixed value of E in (3.6) to obtain a bound. For 
example, if E = I/2 and we note that S and E’ are arbitrary subject to the 
conditions given at their choice, then 
,im inf W. f) < 12 I W + log 12). 
r-cc T(r.f) ’ 5 hi@/3) 
(3.8) 
Now (3.7) and (3.8) are the desired conclusions. 
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